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Abstract

W e presen t simple output-sensitiv e algorithms that construct the con v ex h ull of a set of n

p oin ts in t w o or three dimensions in w orst-case optimal O ( n log h ) time and O ( n ) space, where h

denotes the n um b er of v ertices of the con v ex h ull.

1 In tro duction

Giv en a set P of n p oin ts in the Euclidean plane E

2

or Euclidean space E

3

, w e consider the problem

of computing the c onvex hul l of P , con v ( P ), whic h is de�ned as the smallest con v ex set con taining

P . The con v ex h ull problem has receiv ed considerable atten tion in computational geometry [11 , 21 ,

23 , 25 ]. In E

2

, an algorithm kno wn as Gr aham's sc an [15 ] ac hiev es O ( n log n ) running time, and

in E

3

, an algorithm b y Preparata and Hong [24 ] has the same complexit y . These algorithms are

optimal in the w orst case, but if h , the n um b er of h ull v ertices, is small, then it is p ossible to obtain

b etter time b ounds. F or example, in E

2

, a simple algorithm called Jarvis's mar ch [19 ] can construct

the con v ex h ull in O ( nh ) time. This b ound w as later impro v ed to O ( n log h ) b y an algorithm due

to Kirkpatric k and Seidel [20], who also pro vided a matc hing lo w er b ound; a simpli�cation of their

algorithm has b een recen tly rep orted b y Chan, Sno eyink, and Y ap [2]. In E

3

, one can obtain an

O ( nh )-time algorithm using the gift-wr apping metho d , an extension of Jarvis's marc h originated b y

Chand and Kapur [3 ]. A faster but more in v olv ed algorithm in E

3

w as disco v ered b y Edelsbrunner

and Shi [13], ha ving running time O ( n log

2

h ). Finally , b y derandomizing an algorithm of Clarkson

and Shor [8], Chazelle and Matou � sek [7] succeeded in attaining optimal O ( n log h ) time in E

3

. These

algorithms, with complexit y measured as a function of b oth n and the \output size" h , are said to

b e output-sensitive .

In this note, w e p oin t out a simple output-sensitiv e con v ex h ull algorithm in E

2

and its extension

in E

3

, b oth running in optimal O ( n log h ) time. Previous optimal (deterministic) metho ds, including

the algorithm b y Kirkpatric k and Seidel and its impro v emen t b y Chan, Sno eyink, and Y ap, all rely

on the existence of a linear-time pro cedure for �nding medians. In Chazelle and Matou � sek's three-

dimensional algorithm, ev en more complex to ols for derandomization, suc h as " -appro ximations, are

used. Our algorithms a v oid median-�nding and derandomization altogether; Dobkin-Kirkpatric k
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Figure 1: W rapping a set of d n=m e con v ex p olygons of size m .

hierarc hies [9 , 10 ] are the only data structures used in the three-dimensional case. Our idea is to

sp eed up Jarvis's marc h and the gift-wrapping metho d b y using a v ery simple gr ouping tric k.

2 An Output-Sensitiv e Algorithm in Tw o Dimensions

Let P � E

2

b e a set of n � 3 p oin ts. F or simplicit y , w e assume that the p oin ts of P are in general

p osition, i.e., no three p oin ts are collinear; see Section 4 for ho w to deal with degenerate p oin t sets.

Recall that Jarvis's mar ch [19 , 23, 25 ] computes the h v ertices of the con v ex h ull one at a time,

in coun terclo c kwise (ccw) order, b y a sequence of h wr apping steps : if p

k � 1

and p

k

are the previous

t w o v ertices computed, then the next v ertex p

k +1

is set to b e the p oin t p 2 P that maximizes the

angle

6

p

k � 1

p

k

p with p 6= p

k

. One wrapping step can ob viously b e done in O ( n ) time b y scanning

all n p oin ts; with an appropriate initialization the metho d constructs the en tire con v ex h ull in O ( nh )

time.

W e observ e that a wrapping step can b e done faster if w e prepro cess the p oin ts. Cho ose a

parameter m b et w een 1 and n and partition P in to d n=m e groups eac h of size at most m . Compute

the con v ex h ull of eac h group in O ( m log m ) time b y , sa y , Graham's scan [15 ]. This giv es us d n=m e

p ossibly o v erlapping con v ex p olygons eac h with at most m v ertices, after a prepro cessing time of

O (

n

m

( m log m )) = O ( n log m ). No w, a wrapping step can b e done b y scanning all d n=m e p olygons

and computing tangen ts or supp orting lines of the p olygons through the curren t v ertex p

k

, as sho wn

in Figure 1. Since tangen t �nding tak es logarithmic time for a con v ex p olygon b y binary or Fib onacci

searc h [5, 25 ] (the dual problem is to in tersect a con v ex p olygon with a ra y), the time required for a

wrapping step is then O (

n

m

log m ). As h wrapping steps are needed to compute the h ull, the total

time of the algorithm b ecomes O ( n log m + h (

n

m

log m )) = O ( n (1 + h=m ) log m ).

The follo wing is a pseudo co de of the algorithm just describ ed. The pro cedure alw a ys runs within

O ( n (1 + H =m ) log m ) time and successfully returns the list of v ertices of con v( P ) in ccw order when

2



H � h .

Algorithm Hull2D( P ; m; H ), where P � E

2

; 3 � m � n; and H � 1

1. partition P in to subsets P

1

; : : : ; P

d n=m e

eac h of size at most m

2. for i = 1 ; : : : ; d n=m e do

3. compute con v( P

i

) b y Graham's scan and store its v ertices in an arra y

in ccw order

4. p

0

 (0 ; �1 )

5. p

1

 the righ tmost p oin t of P

6. for k = 1 ; : : : ; H do

7. for i = 1 ; : : : ; d n=m e do

8. compute the p oin t q

i

2 P

i

that maximizes

6

p

k � 1

p

k

q

i

( q

i

6= p

k

)

b y p erforming a binary searc h on the v ertices of con v( P

i

)

9. p

k +1

 the p oin t q from f q

1

; : : : ; q

d n=m e

g that maximizes

6

p

k � 1

p

k

q

10. if p

k +1

= p

1

then return the list h p

1

; : : : ; p

k

i

11. return inc omplete

By c ho osing m = H , the complexit y of the algorithm is then O ( n (1 + H =m ) log m ) = O ( n log H ).

Since the v alue of h is not kno wn in adv ance, w e use a sequence of H 's to \guess" its v alue as sho wn

b elo w (the same strategy is used in Chazelle and Matou � sek's algorithm):

Algorithm Hull2D( P ), where P � E

2

1. for t = 1 ; 2 ; : : : do

2. L  Hull2D( P ; m; H ), where m = H = min f 2

2

t

; n g

3. if L 6= inc omplete then return L

The pro cedure stops with the list of h ull v ertices as so on as the v alue of H in the for-lo op reac hes

or exceeds h . The n um b er of iterations in the lo op is d log log h e (using base-2 logarithms), and the

t -th iteration tak es O ( n log H ) = O ( n 2

t

) time. Therefore, the total running time of the algorithm is

O (

P

d log log h e

t =1

n 2

t

) = O ( n 2

d log log h e +1

) = O ( n log h ). The storage requiremen t is clearly linear.

3 An Output-Sensitiv e Algorithm in Three Dimensions

Let P � E

3

b e a set of n � 4 p oin ts. Again w e assume general p osition, i.e., no four p oin ts are

coplanar (see Section 4). It su�ces to construct the 2 h � 4 facets (triangular faces) of the con v ex

h ull; with the aid of a dictionary , w e can easily pro duce the set of h v ertices and 3 h � 6 edges together

with their adjacency and order information in additional O ( h log h ) time.

The higher-dimensional analogue of Jarvis's marc h is Chand and Kapur's gift-wr apping metho d [3 ,

25 , 26 ], whic h computes the h ull facets one at a time as follo ws: from a giv en facet f , w e generate

its three adjacen t facets f

j

b y p erforming a wrapping step ab out eac h of the three edges e

j

of f

( j = 1 ; 2 ; 3). Here, a wr apping step ab out e

j

is to compute a p oin t p

j

2 P that maximizes the angle

b et w een f and con v ( e

j

[ f p

j

g ) with p

j

62 e

j

. Since suc h a step can b e done in O ( n ) time, w e can �nd

the facets adjacen t to f in O ( n ) time. Assuming an initial facet f

0

is giv en (whic h can b e found in

t w o wrapping steps), a breadth-�rst or depth-�rst searc h can then generate all facets of the con v ex

3



h ull. Using a dictionary to detect duplication, w e can ensure that eac h facet is pro cessed once. This

implies that the algorithm p erforms 3(2 h � 4) wrapping steps and th us runs in O ( nh ) time.

W e can use the same grouping idea from the previous section to impro v e the time complex-

it y to optimal O ( n log h ) while main taining linear space. The calls to Graham's scan (line 3 of

Hull2D( P ; m; H )) are no w replaced b y calls to Preparata and Hong's three-dimensional con v ex h ull

algorithm [24 ], whic h has the same complexit y . T o mak e line 8 w ork in E

3

, w e need to calcu-

late tangen ts or supp orting planes of con v ex p olyhedra through a giv en line (or, in dual space,

in tersect con v ex p olyhedra with a ra y). If w e use the hierarc hical represen tation of Dobkin and

Kirkpatric k [9 , 10] to store these p olyhedra (whic h requires only linear-time prepro cessing), then the

tangen ts can b e computed in logarithmic time eac h, as b efore. The analysis is th us iden tical to that

of the t w o-dimensional algorithm. The pseudo co de is as follo ws:

Algorithm Hull3D( P ; m; H ), where P � E

3

; 4 � m � n; and H � 1

1. partition P in to subsets P

1

; : : : ; P

d n=m e

eac h of size at most m

2. for i = 1 ; : : : ; d n=m e do

3. compute con v( P

i

) b y Preparata and Hong's algorithm and store it in

a Dobkin-Kirkpatric k hierarc h y

4. F ; Q  f f

0

g , where f

0

is some initial facet of con v( P )

5. for k = 1 ; : : : ; 2 H � 4 do

6. if Q = ; then return F

7. pic k some f 2 Q and set Q  Q � f f g

8. let e

j

b e the edges of f ( j = 1 ; 2 ; 3)

9. for j = 1 ; 2 ; 3 do

10. for i = 1 ; : : : ; d n=m e do

11. compute the p oin t q

i

2 P

i

that maximizes the angle b et w een f and

con v( e

j

[ f q

i

g ) b y searc hing the hierarc h y of con v( P

i

)

12. p

j

 the p oin t q from f q

1

; : : : ; q

d n=m e

g that maximizes the angle b et w een

f and con v( e

j

[ f q g ) ( q 62 e

j

)

13. f

j

 con v( e

j

[ f p

j

g )

14. if f

j

62 F then

15. F  F [ f f

j

g ; Q  Q [ f f

j

g

16. return inc omplete

W e can use a queue or a stac k to implemen t Q and a dictionary to implemen t F . As there are

only O ( h ) dictionary op erations, they can b e carried out in O ( h log h ) time. In fact, more clev er

implemen tations of the gift-wrapping metho d via a shelling order replace the need for dictionaries

with just a priorit y queue.

As b efore, w e c ho ose the group size m = H and guess the v alue of h with a sequence of H 's:

Algorithm Hull3D( P ), where P � E

3

1. for t = 1 ; 2 ; : : : do

2. L  Hull3D( P ; m; H ), where m = H = min f 2

2

t

; n g

3. if L 6= inc omplete then return L
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4 Re�nemen ts

In this section, w e suggest ideas on p ossible impro v emen ts that ma y sp eed up our algorithms in

practice; w e also discuss ho w degenerate cases can b e handled.

Idea 1. First, p oin ts found to b e in the in terior of con v( P

i

) in line 3 of Hull2D( P ; m; H ) or

Hull3D( P ; m; H ) can b e eliminated from further consideration. This ma y p oten tially sa v e w ork

during future iterations of the algorithm, although it do es not a�ect the w orst-case complexit y .

Idea 2. In Hull2D( P ) and Hull3D( P ), w e c ho ose the group size m = H so as to balance the

O ( n log m ) prepro cessing cost and the O ( H (

n

m

log m )) cost for the O ( H ) wrapping steps. Alterna-

tiv ely , w e can c ho ose m = min f H log H ; n g (or set H = m= log m ). This c hoice of m do es not a�ect

the former cost except in the lo w er-order terms, but it reduces the latter cost from O ( n log H ) to

O ( n ) and th us results in a smaller constan t factor o v erall.

Idea 3. With Idea 2, the dominan t cost of algorithm Hull2D( P ; m; H ) lies in the prepro cessing, i.e.,

the computation of the con v ex h ulls of the groups in line 3. T o reduce this cost, w e ma y consider

reusing h ulls computed from the previous iteration and merging them as the group size is increased.

Supp ose m

0

is the previous group size. Since the con v ex h ull of t w o con v ex p olygons can b e computed

in linear time (the dual problem is to in tersect t w o con v ex p olygons), w e can compute the con v ex h ull

of d m=m

0

e con v ex m

0

-gons in O ( m log( m=m

0

)) time b y the standard \mergeh ull" divide-and-conquer

algorithm [25 ]. Th us, the d n=m e h ulls in line 3 can b e constructed in O ( n log( m=m

0

)) rather than

O ( n log m ) time. The same can b e said for the three-dimensional case, but merging t w o con v ex

p olyhedra, though p ossible in linear time [4 ], is more complicated.

Idea 4. In Hull2D( P ), w e use the sequence of group sizes m = 2

2

t

, t = 1 ; 2 ; : : : , to guess h . The

impro v emen ts from Ideas 2 and 3 in fact p ermit us to c ho ose slo w er gro wing sequences and still retain

optimal O ( n log h ) complexit y . F or example, one p ossible sequence is simply m = 2

t

, t = 2 ; 3 ; : : : ,

whic h corresp onds to doubling the group size after eac h iteration. Note that a coarser sequence

appro ximates h less w ell while a denser sequence requires more iterations. W e ma y try to optimize

the w orst-case constan t factor and lo w er-order terms using sequences with di�eren t gro wth rates.

W e suggest the sequence m = 2

t

2

, t = 2 ; 3 ; : : :

Idea 5. E. W elzl has observ ed that the binary searc h in line 8 of algorithm Hull2D( P ; m; H ) can

b e replaced b y a simpler linear searc h without c hanging the time complexit y of the algorithm. The

follo wing monotonicit y prop ert y pro vides the justi�cation: during the course of the algorithm, the

v ariable q

i

in line 8 can only adv ance in the ccw direction along con v( P

i

) for eac h �xed i . As a result,

the h -v ertex con v ex h ull of p con v ex p olygons with a total of n v ertices can b e computed in O ( n + hp )

time b y gift-wrapping; the t w o-p olygon ( p = 2) v ersion of the algorithm is in fact the dual of an

in tersection algorithm b y O'Rourk e et al. [22 ] (see also [23 , 25]). The total cost of Hull2D( P ; m; H )

can then b e reduced to O ( n log m + H ( n=m )) time, whic h is a log m factor sa ving in the second term.

Although the o v erall constan t factor is una�ected b y the sa ving if Idea 2 is emplo y ed (as the �rst

term is the dominan t one), the linear searc h is easier to implemen t. There do es not seem to b e an

analogous simpli�cation in three dimensions.
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Degeneracies. In b oth algorithms Hull2D( P ; m; H ) and Hull3D( P ; m; H ), w e ha v e assumed that

the p oin ts of P are in general p osition. One w a y to cop e with degenerate p oin t sets is to apply

general p erturbation metho ds suc h as [12 , 14 ]; ho w ev er, these metho ds ma y cause the output size h

to increase, as a p oin t that is not a h ull v ertex but lies on the h ull b oundary ma y b ecome a v er-

tex after p erturbation. Th us, it is b etter to handle the degenerate cases directly . F or algorithm

Hull2D( P ; m; H ), this is not di�cult to do: when there is more than one p oin t q that maximizes the

angle

6

p

k � 1

p

k

q in line 9, pic k the p oin t q that is farthest from p

k

; use the same rule to break ties in

line 8.

F or algorithm Hull3D( P ; m; H ), w e can do the follo wing: In line 8, let e

j

= a

j

b

j

with a

j

and

b

j

orien ted in ccw order around f . When there is more than one p oin t q that maximizes the angle

b et w een f and con v( e

j

[ f q g ) in line 12, pic k the p oin t q that maximizes the angle

6

b

j

a

j

q ; and if

there is still more than one q that ac hiev es the maxim um, pic k the one farthest from a

j

. Use the

same rule to break ties in line 11. F or degenerate p oin t set, it is easier to k eep trac k of edges rather

than facets, since facets can b e con v ex p olygons rather than triangles. So, mak e F and Q sets of

edges instead, and in line 15, add the orien ted edges

� !

b

j

a

j

and

� !

a

j

q to F and Q . Although w e ma y

not ha v e a complete description of the facet inciden t to these t w o edges, w e kno w the equation of

the plane con taining the facet; this equation is su�cien t to p erform wrapping ab out these edges.

5 Extensions

W e ha v e presen ted new optimal output-sensitiv e con v ex h ull algorithms in E

2

and E

3

. The algorithms

are simpler than previous O ( n log h ) algorithms, particularly in the three-dimensional case, and the

constan t factors b ehind the big-Oh are lik ely to b e smaller than those of the previous algorithms (in

the w orst case).

Besides its simplicit y , our approac h has the adv an tage that it is applicable to a v ariet y of other

problems. As an illustration, consider the problem of computing the lower envelop e L ( S ) of a set S

of n line segmen ts in the plane, whic h w e de�ne as the b oundary of

S

s 2 S

^s where ^s denotes the

un b ounded trap ezoid con v( s [ f (0 ; + 1 ) g ) for a giv en segmen t s . (Con v ex h ulls corresp ond to lo w er

en v elop es of lines in the dual.) Let h b e the output size, i.e., the n um b er of edges in the en v elop e; it

is kno wn that h is at most O ( n� ( n )) [16 ]. Hersh b erger [17 ] has giv en a w orst-case optimal algorithm

that computes lo w er en v elop es in O ( n log n ) time. W e no w describ e ho w his algorithm can b e made

output-sensitiv e with our tec hnique.

First, observ e that w e can trace the h edges in L ( S ) from left to righ t b y p erforming h r ay

sho oting op er ations , where a ra y sho oting op eration is: giv en a ra y � emanating from a p oin t on

or b eneath L ( S ), �nd the �rst trap ezoid ^s ( s 2 S ) that � crosses. As suc h an op eration can b e

done in O ( n ) time, this giv es us a na • �v e O ( nh ) metho d, lik e Jarvis's marc h. T o impro v e the running

time, partition S in to d n=m e groups eac h of at most m segmen ts and compute the lo w er en v elop e

of eac h group b y Hersh b erger's algorithm; this tak es O ( n log m ) time in total. Using kno wn data

structures suc h as [6 , 18 ], w e can p erform ra y sho oting under eac h of these d n=m e en v elop es in

O (log m ) time after O ( m� ( m )) prepro cessing (the ra y sho oting metho ds can b e simpli�ed in our

case since en v elop es are monotone). This implies that the h ra y sho oting op erations on L ( S ) can b e

done in O ( h (

n

m

log m )) time. Cho osing an appropriate group size m and guessing the output size h

giv e us an optimal output-sensitiv e O ( n log h ) algorithm for computing the lo w er en v elop e.

6



Other applications of our tec hnique can b e found in [1], including the output-sensitiv e construc-

tion of higher-dimensional con v ex h ulls and k -lev els. In man y cases, our grouping idea, com bined

with appropriate data structures, can b e used to obtain optimal O ( n log h ) algorithms if the output

size h is su�cien tly small, i.e., if h = o ( n

�

) for a suitable constan t � .
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